Abstract. Let (R, m, k) be a Gorenstein local ring with associated graded ring G(R). It is conjectured that for any integer n > 0, Auslander's <$-invariant S(R/mn) of R/m" equals 1 if and only if m" is contained in a parameter ideal of R . In an earlier paper we showed that the conjecture holds if G{R) is Cohen-Macaulay. In this paper we prove that the conjecture has an affirmative answer if depth G(R) = dim R -1 and R is gradable. We also prove that if R is not regular and depth G(R) > dim R -1, then â(R/m2) = 1 if and only if R has minimal multiplicity.
Introduction
Throughout this paper we assume that (R, m, k) is a commutative Noetherian Gorenstein local ring (or a graded Gorenstein fc-algebra with unique maximal graded ideal m), and all modules are finitely generated. For an i?-module M, there is an exact sequence of ^-modules 0-» **-♦**-**A/-»O where XM is a maximal Cohen-Macaulay module, Ym is a module of finite projective dimension, and cp is right minimal, i.e., all endomorphisms q: Xm -* Xm with cp o a = cp are isomorphisms (see [1, 2] ). This sequence is called the minimal Cohen-Macaulay approximation of M. It is uniquely determined (up to isomorphism) by M. The theory of Cohen-Macaulay approximations was initiated by Auslander and Buchweitz. The rank of a maximal free direct summand of XM is denoted by Sr(M) (or simply S(M)) and is called the ¿-invariant of M (over R) by Auslander. One of the main questions is how the ¿-invariant of M reflects the structures of M and of R. If M is a module of finite projective dimension, the minimal Cohen-Macaulay approximation of M is just the minimal free resolution of M. If an i?-module M has a factor module which is of finite projective dimension, then ô(M) > 0 [1, 3] . Thus the ¿-invariant of M can be regarded as a measure of how far the module M is from being of finite projective dimension. It was first conjectured that for an .R-module M, ô (M) > 0 if and only if M has a factor module of finite projective dimension. Unfortunately this is not the case in general (see the example in §2). However, the modules of the form M = R/m" , n > 1, seem special. Following [3] and [5] we showed in [4] that if the associated graded ring G(R) of R is Cohen-Macaulay then ô(R/m") = 1 if and only if m" is contained in a parameter ideal of R. Here an ideal / is called a parameter ideal if it is generated by a system of parameters of R. We then conjectured that this is true in general, i.e., without the assumption on G(R). In this paper we give further evidence for the conjecture. We show that if R is a graded Gorenstein fc-algebra such that depth G(R) > dimR -1, then the conjecture holds for R. We call a local ring (R, m, k) gradable if the completion R of R at its maximal ideal m is is omorphic to the completion of a graded fc-algebra at the graded maximal ideal. Since the ¿-invariants behave well under faithfully flat ring extensions [1] , we have that the conjecture holds for a Gorenstein local ring R if R is gradable and depth G(R) > dimR -1.
It is known that S(R/m) -1 if and only if R is a regular local ring [3] . We show that for a Gorenstein local ring R with depthG(R) > dimR -1, ô(R/m2) = 1 if and only if m2 is contained in a parameter ideal of R. If R is not regular, then by a result of Sally [6] , R has minimal multiplicity.
The results in this paper are based on a particular description of the minimal Cohen-Macaulay approximation of a module M with depth M = dim i? -1.
We give the description in §1. If depthG(R) = dimR -1, then by a result of [4] , we can always reduce to the case where the dimension of R is 1. We thus devote §2 to giving various properties and examples of the ¿-invariants of cyclic modules over a 1-dimensional Gorenstein local ring. Using the properties we develop in §2, we prove the main results in §3. Therefore, F =i R' © Ä"5^). Hence, we get ¿(Af) + t = s + n . n
One-dimensional rings
In this section (R, m, k) will always be a 1-dimensional Gorenstein local ring. For any .R-module M, we denote by soc(M) the socle of M, i.e., soc(Af) = {x £ M | true = 0} . If M is of finite length, we denote by l(M) the length of M. We put M* -Hom(M, R). In this section we always assume that / is a regular ideal of R, i.e., the ideal / contains a regular element of R. In this section we illustrate and apply the results in § 1 to the cyclic modules over jR. Proof. Since R/I has a simple socle, we have S(R/I) -1 if and only if /* is generated by one element. Hence J* is a free .R-module of rank one. Applying the functor Hom( , R) to the exact sequence 0-»/-»i?-t R/I -* 0 gives an exact sequence 0-»Ä-t/'=Ä-t Ext1 (R/I, R) -► 0. Therefore, Extx(R/I, R) = R/(x) for some regular element x of R. Since / is a Gorenstein ideal, we get R/I = Ext1 (R/I, R), and this implies that I = ix). D Now we consider another case. Let QiR) be the total ring of quotients of R with respect to the .R-regular elements, and let I~l = {z £ QiR) \ zl c R} . Then we know that there exists a natural ^-isomorphism <¡>¡: I~l -► /* given by sending z £ I~x to the morphism in /* defined as multiplication by z.
Also we have / ç II'1 ç R. If H~l = R, then / is a principal ideal and so SiR/I) = 1. We now consider the case where II~l -I. We first give the following criterion. In this section we show two results related to the conjecture. In both cases we assume that R satisfies the condition depth G(R) > dim R -1. We first use the criterion for S(R/I) = 1 that we developed in §2 to prove the one-dimensional case. Then we reduced the general case to the one-dimensional case by the result of [4] . Xi/yi£l~x for all /'. By comparing degrees we know that there is an / suchthat deg(zjXi/yj) = degz, + degx, -degy, = 0. Therefore, we have 1 = uz¡Xi/yi with u £ k. This implies that x¡/y¡ = l/(uz¡). Hence we get I c (z,). D Remark. Let R be a 1-dimensional complete local Gorenstein domain containing an algebraically closed field k. It is known that R is the completion of a graded Ar-algebra with respect to its irrelevant maximal ideal [7] . Therefore, the conjecture holds for such rings.
In [4] we showed the following, which allows us to use a reduction argument. Recall that a local ring (R,m, k) is said to be gradable if the completion R of R at its maximal ideal m is isomorphic to the completion of a graded A:-algebra at its unique maximal graded ideal. Since the ¿-invariants behave well under faithfully flat ring extensions [1] , we have It is known that S(R/m) = 1 implies that m is contained in a parameter ideal of R. Therefore, R is a regular local ring. In dealing with the case where S(R/m2) = 1, we have To show that m2 e (x) for some .R-regular element x is equivalent to showing that / = 1. We now assume that / > 1 and pirn) > 3 and derive a contradiction. (If pirn) = 2, then R is a hypersurface and we know the conjecture is true.) Let t £ m\m2 be .R-regular. Then u¡ can be written in the form u¡ -z¡/t2 with z¡ £ R. We assume that all z, are in m (otherwise, we have / = 1). Thus we have where z/t2, x,/i are in I~x, r,s¡£m, and z, s,x, í¿ í/í. We assume that z and x, are in m, and both rz/t2 and ^SiXj/t are not in m (otherwise, we are done).
Since ^SiXj 0 tR, we may assume that SiXi £ ¿R. However, we have SiXim c tR, that is, under the reduction map R -> iî/iJÎ, J[x{ £ soc(R/tR). Since R is Gorenstein, we get sxxx = az + ty with a, y £ R and so 
